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ABSTRACT
In this paper we develop a complete classification sch

for planar, spherical and spatial four-bar linkages. The goa
this classification is to note all of the subtleties of motion t
an arbitrary set of four link lengths can define. A classificat
should exist only between the mechanisms that exhibit sim
ranges of motion at both the input and output. In the planar c
three parameters being identified as either positive, negativ
zero are necessary to completely characterize all possible ra
of motion. In the spherical and spatial cases, four parameter
ing identified as positive, negative or zero are needed. The r
is 27 classifications of planar mechanisms and 81 for sphe
and spatialRCCCmechanisms.

INTRODUCTION
The synthesis and analysis of planar four-bar mechan

via software utilizing interactive graphics is a practice that
now existed for thirty years. A few of the programs develop
for this purpose include KINSYN (Kaufman, 1978), RECSY
(Chuang et al., 1981) and LINCAGES (Erdman and Gustaf
1977). For the synthesis and analysis of spherical four-bar m
anisms, Larochelle et al. (1993) have developedSPHINX. Of partic-
ular use in the analysis of a mechanism is the animation of
mechanism through some appropriate range of motion. One

�Address all correspondence to this author.
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sible range is all motions achievable by a given mechanism

Classification schemes for planar four-bar mechanism
be found in almost any text on the subject of machine the
For example, see Erdman and Sandor (1997) or Norton (1
The gross classification of a mechanism is Grashof (havi
fully rotatable link) or non-Grashof and then it is further ca
gorized with the familiar titles of crank-rocker, Grashof doub
rocker, drag link and the likes. Proofs of the Grashof crite
can be found in Williams and Reinholtz (1986), Paul (19
and the extension to spatialRSSRfour-bar linkages in Kaze
ounian and Solecki (1993). For most planar mechanism
ysis, these standard classification methods are ideal. Alth
a mechanism’s classification is not always necessary for it
imation over some range of motion, the classification help
expedite the determination of the range and, occasionally, c
necessary. The necessity for a thorough classification sc
for mechanisms arises when the mechanism is classified
“change-point mechanism”, or lying in the region that separ
Grashof mechanisms from those that are non-Grashof. The
ists a diverse array of these change-point mechanisms to b
ferentiated amongst. In addition, mechanisms of this type
commonly encountered when performing solution rectifica
on large sets of candidate mechanisms. For example,SPHINX gener-
ates a discrete representation of the∞2 spherical four-bar mech
nisms which will guide a moving body through four orientati
in space. This discretized solution space is presented to th
as alinkage type map(Ruth and McCarthy, 1997 and Murray a
Copyright  1998 by ASME
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McCarthy, 1995). The linkage type map color codes each s
tion according to its mechanism type and at the boundaries o
familiar mechanism types these change-point mechanisms
occur.

Spherical mechanisms admit a classification scheme s
lar to that of planar mechanisms (see Duffy, 1980 and Chia
1988). In addition, Grashof’s law holds in a modified form f
the spherical case. The primary utility of these schemes for
spherical case is to draw a comparison with their planar coun
parts to allow the use of intuition developed about planar fo
bars.

The scheme developed here, at least for the planar c
defines parameters similar to those determined by Bottema
Roth (1979) for classification of the image curves of planar fo
bar motion. Two works of note that seek more complete ide
fications of the sets of all four-bars are Barker’s (1985) comp
hensive classification of planar four-bar mechanisms and Sa
and Hall’s (1970) similar treatment of spherical four-bars (
cluding a discussion by Soni).

PLANAR MECHANISM ANALYSIS
Consider the planar mechanism shown in Fig. 1 The re

tionship between the input angleΘ of the driving link to the out-
put angleΨ of the output link is

Ψ(Θ) = arctan

�
B
A

�
�arccos

�
Cp

A2+B2

�
(1)

where

A(Θ) = 2abcosΘ�2gb;

B(Θ) = 2absinΘ; and (2)

C(Θ) = g2+b2+a2�h2�2agcosΘ:

Note that the arctan() function in Eq. 1 must identify angles
all four quadrants to be accurate.

The argument of the arccosine term in Eq. 1 must be in
range -1 to +1 for a solution to exist. Therefore,A(Θ)2+B(Θ)2�
C(Θ)2 � 0, and this relation defines the range of the angu
movement of the input link. Expanding the inequality yields
quadratic equation in cosΘ that has two roots.

C1 =
(g2+a2)� (h�b)2

2ag
; (3)

C2 =
(g2+a2)� (h+b)2

2ag
: (4)
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Figure 1. A PLANAR FOUR-BAR MECHANISM

These equations are the familiar cosine laws defining the angΘ
at the limits to the mechanism’s range of motion. These limit
angles exist if�1<C1;C2 < 1. There are three cases:

1. Neither of the limiting angles�Θi; i = 1;2 exists, which
means the input link fully rotates;

2. Only one of the two angles exists: a) if it isΘ1 then the input
link rocks through the angleΘ = π between�Θ1, and, b) if
Θ2 exists then the input link rocks through the angleΘ = 0
between�Θ2;

3. Both angles exist, which means the input link rocks betwe
Θ1 andΘ2 and between�Θ1 and�Θ2 and does not pass
through either 0 orπ.

The Input Link
The rootC1 determines the smallest positive angle the dr

ing link can reach. The link can reachΘ = 0 if

(g2+a2)� (h�b)2

2ag
� 1; (5)

or,

(g�a)2� (h�b)2: (6)

Introduce the parameters

T1 = g�a+h�bandT2 = g�a�h+b: (7)

Noting thatT1T2 = (g� a)2� (h� b)2, the driving link passes
through the angleΘ = 0 if the productT1T2 � 0.
Copyright  1998 by ASME
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The rootC2 determines the largest positive angle reachab
by the driving link. The range of movement of the driving link
includesΘ = π if

(g2+a2)� (h+b)2

2ag
��1; (8)

which simplifies to

(g+a)2� (h+b)2: (9)

Since all of the link lengths are positive we need only consid
the parameter

T3 = h+b�g�a: (10)

The conditionT3 � 0 identifies that the input link passes throug
Θ = π.

The three parameters,Ti ; i = 1;2;3, characterize the move-
ment of the driving link:

1. The driving link fully rotates:T1T2 � 0, andT3 � 0;
2. The driving link rocks throughΘ = 0: T1T2 � 0 andT3 < 0;
3. The driving link rocks throughΘ = π: T1T2 < 0 andT3 � 0;

and
4. The driving link rocks over two ranges neither of which in

cludes 0 orπ: T1T2 < 0 andT3 < 0.

The Output Link
The limiting values of cosΨ associated with the output link

of a planar mechanism are given by:

C3 =
(h+a)2� (g2+b2)

2bg
; (11)

C4 =
(h�a)2� (g2+b2)

2bg
: (12)

The condition that the output link pass throughΨ= 0 is obtained
fromC3 as

(h+a)2� (g2+b2)

2bg
� 1; (13)

or,

(h+a)2� (g+b)2: (14)
3

r

Identify the parameters

h+a�g�b=�T2; (15)

which leads to the result that ifT2 � 0 the link passes through
zero, and ifT2 > 0 it does not.

The output link passes throughΨ = π if

(h�a)2� (g2+b2)

2bg
��1; (16)

or,

(h�a)2� (g�b)2: (17)

Using the parameters

g�b+h�a= T1 andg�b�h+a=�T3; (18)

if T1T3 � 0 then the link passes throughπ, otherwise it does not.
The result is that the same parameters,Ti ; i = 1;2;3 char-

acterize the movement of the output link, and we have the f
cases:

1. The output link fully rotates:T2 � 0 andT1T3 � 0;
2. The output link rocks throughΨ = 0: T2 � 0 T1T3 > 0;
3. The output link rocks throughΨ = π: T2 > 0 andT1T3 � 0;

and
4. The output link rocks over two ranges:T2 > 0 andT1T3 > 0.

PLANAR MECHANISM CLASSIFICATION
The three parametersTi ; i = 1;2;3 classify the movement o

the driving and output links of a 4R linkage into eight basic types
If a configuration exists such that all four joints of a pl

nar linkage lie on a line the mechanism is said to “fold.”
one (or more) of the characteristicsTi ; i = 1;2;3 is zero, then
the mechanism is afoldable linkage. If we consider the parame
tersTi ; i = 1;2;3 can take the values(+;0;�), then there are 27
classifications of planar 4R linkages, 19 of which fold. The num
ber of parametersTi that are zero equals the number of foldin
configurations of the linkage.

Grashof’s Condition
Grashof’s condition states that one of the links in a me

anism can fully rotate if the sum of the lengths of the long
and shortest links is less than (or equal to) the sum of
Copyright  1998 by ASME
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Table 1. BASIC PLANAR 4RLINKAGE TYPES

Linkage type T1 T2 T3

1. Crank-rocker + + +

2. Rocker-crank + - -

3. Double-crank - - +

4. Grashof double-rocker - + -

5. 00 double-rocker - - -

6. 0π double-rocker + + -

7. π0 double-rocker + - +

8. ππ double-rocker - + +

lengths of the two intermediate links. The classification p
sented here leads to an alternate expression for Grashof’s c
tion. Note from Table 1 that the mechanism contains a fully
tatable link(and is not a change-point mechanism) ifT1T2T3 > 0.
This quantity is a function of the link lengthsa;b;g andh where
the identification of the longest and shortest links is unneces
to determine whether or not the mechanism contains a fully
tatable link.
An Example

Consider a mechanismA with link lengthsfa;b;g;hg =
f1;3;5;3g and a mechanismB with fa;b;g;hg = f3;4;3;2g.
The associated parameters are, for mechanismA , fT1;T2;T3g =
f4;4;0g and, forB , fT1;T2;T3g = f�2;2;0g. Both mechanisms
are readily classified as simple folding four-bars. In fact, b
fold (all of the pivots become colinear) at the location where
input angleΘ = π. This is where the similarities end, howev
with the input link on mechanismA being fully rotatable and th
input link on B rocking throughΘ = π. An extension of Table
1 to include all 27 cases could be used to rapidly identify t
noting that anyf+;+;0g mechanism has a fully rotatable inp
crank and anyf�;+;0gmechanism’s input link rocks throughΘ
= π.

SPHERICAL MECHANISM ANALYSIS
Consider the mechanism shown in Fig. 2. The relations

between the input angleΘ of the driving link to the output angl
Ψ of the output link is

Ψ(Θ) = arctan

�
B
A

�
�arccos

�
Cp

A2+B2

�
(19)

where

A(Θ) = sinαsinβcosγcosΘ�cosαsinβsinγ;
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Figure 2. A SPHERICAL FOUR-BAR MECHANISM

B(Θ) = sinαsinβsinΘ; and (20)

C(Θ) = cosη�cosαcosβcosγ
�sinαcosβsinγcosΘ

and 0� α;β;η;γ� π.
The argument of the arccosine term in Eq. 19 must be

the range -1 to +1 for a solution to exist. Therefore,A(Θ)2+
B(Θ)2�C(Θ)2 � 0, and this relation defines the range of t
angular movement of the input link. Expanding the inequa
yields a quadratic equation in cosΘ that has two roots

C1 =
cos(η�β)�cosαcosγ

sinαsinγ
; (21)

C2 =
cos(η+β)�cosαcosγ

sinαsinγ
: (22)

These equations are the spherical cosine laws defining the a
Θ at the limits to its range of motion. These limiting angles ex
if �1<C1;C2 < 1. There are three cases:

1. Neither of the limiting angles�Θi; i = 1;2 exists, which
means the input link fully rotates;

2. Only one of the two angles exists: a) if it isΘ1 then the input
link rocks through the angleΘ = π between�Θ1, and, b) if
Θ2 exists then the input link rocks through the angleΘ = 0
between�Θ2;

3. Both angles exist, which means the input link rocks betwe
Θ1 andΘ2 and between�Θ1 and�Θ2 and does not pass
through either 0 orπ.
Copyright  1998 by ASME
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The Input Link
The rootC1 determines the smallest positive angle the driv

ing link can reach. The link can reachΘ = 0 if

cos(η�β)�cosαcosγ
sinαsinγ

� 1; (23)

or,

cos(η�β)� cos(γ�α): (24)

The combinations of angular lengths that satisfy this relation a

jγ�αj � jη�βj: (25)

Introduce the parameters

T1 = γ�α+η�β andT2 = γ�α�η+β: (26)

The driving link passes through the angleΘ = 0 if the product
T1T2 � 0.

The rootC2 determines the largest positive angle reachab
by the driving link. The range of movement of the driving link
includesΘ = π if

cos(η+β)�cosαcosγ
sinαsinγ

��1; (27)

which simplifies to

cos(η+β)� cos(γ+α): (28)

Since all of the link lengths are in the range 0 toπ, this condition
is equivalent to

jπ� (η+β)j � jπ� (γ+α)j: (29)

Define the parameters

T3 = η+β� γ�α andT4 = 2π�η�β� γ�α: (30)

The conditionT3T4 � 0 identifies that the input link passes
throughΘ = π.

The four parameters,Ti ; i = 1;2;3;4, characterize the move-
ment of the driving link:
5

e

1. The driving link fully rotates:T1T2 � 0, andT3T4 � 0;
2. The driving link rocks throughΘ = 0: T1T2 � 0 andT3T4 <

0;
3. The driving link rocks throughΘ = π: T1T2 < 0 andT3T4 �

0; and
4. The driving link rocks over two ranges neither of which in-

cludes 0 orπ: T1T2 < 0 andT3T4 < 0.

The Output Link
The limiting values of cosΨ associated with the output link

of a spherical mechanism are given by:

C3 =
cosγcosβ�cos(η+α)

sinγsinβ
; (31)

C4 =
cosγcosβ�cos(η�α)

sinγsinβ
: (32)

The condition that the output link pass throughΨ= 0 is obtained
fromC3 as

cosγcosβ�cos(η+α)
sinγsinβ

� 1; (33)

or,

cos(η+α)� cos(γ+β): (34)

This condition can be expressed as

jπ� (η+α)j � jπ� (γ+β)j: (35)

Identify the parameters

η+α� γ�β=�T2 and 2π�η�α� γ�β= T4; (36)

which leads to the result that ifT2T4 � 0 the link passes through
zero, and ifT2T4 > 0 it does not.

The output link passes throughΨ = π if

cosγcosβ�cos(η�α)
sinγsinβ

��1; (37)

or,

cos(η�α)� cos(γ�β): (38)
Copyright  1998 by ASME
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The link lengths that satisfy this condition are either

jγ�βj � jη�αj: (39)

Using the parameters

γ�β+η�α= T1 andγ�β�η+α=�T3; (40)

if T1T3 � 0 then the link passes throughπ, otherwise it does not.
The result is that the same parameters,Ti ; i = 1;2;3;4 char-

acterize the movement of the output link, and we have the f
cases:

1. The output link fully rotates:T2T4 � 0 andT1T3 � 0;
2. The output link rocks throughΨ = 0: T2T4 � 0 T1T3 > 0;
3. The output link rocks throughΨ= π: T2T4 > 0 andT1T3� 0;

and
4. The output link rocks over two ranges:T2T4 > 0 andT1T3 >

0.

SPHERICAL MECHANISM CLASSIFICATION
The four parametersTi ; i = 1;2;3;4 classify the movement of

the driving and output links of a 4R linkage into two sets of eight
basic types denoted by those withT4 > 0 and those withT4 < 0.
The eight spherical mechanisms with positiveT4 have the same
properties as the planar 4R mechanisms with the same linkag
type. The linkages withT4 < 0 have link lengths that add up to
greater than 2π andwrap around the sphere. The characteristi
T1, T2, andT3 for a linkage withT4 < 0 are the negation of these
characteristics for the same type of linkage withT4> 0. Thus two
spherical linkages, each with the negative set of characteristic
the other, will have the same overall movement of the input a
output links.

If a configuration exists such that all four joints of a sphe
cal linkage lie on a plane the mechanism is said to “fold.” If on
(or more) of the characteristicsTi ; i = 1;2;3;4 is zero, then the
mechanism is afoldable linkage. If we consider the parameter
Ti ; i = 1;2;3;4 can take the values(+;0;�), then there are 81
classifications of spherical 4R linkages, 65 of which fold. The
number of parametersTi that are zero equals the number of fold
ing configurations of the linkage.

Grashof’s Condition
For any given set of four link lengths defining a spheric

mechanism, changing any two of the link lengths to their su
plements defines a mechanism capable of the same motion
apply Grashof’s condition to spherical four-bar mechanisms, t
rule must be applied to the link lengths to determine the set w
the shortest total length. Grashof’s condition can now be
tended to the sphere: one of the links in a spherical mechan
6
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Table 2. BASIC SPHERICAL 4RLINKAGE TYPES

Linkage type T1 T2 T3 T4

1. Crank-rocker + + + +

2. Rocker-crank + - - +

3. Double-crank - - + +

4. Grashof double-rocker - + - +

5. 00+ double-rocker - - - +

6. 0π+ double-rocker + + - +

7. π0+ double-rocker + - + +

8. ππ+ double-rocker - + + +

9. Crank-rocker - - - -

10. Rocker-crank - + + -

11. Double-crank + + - -

12. Grashof double-rocker + - + -

13. 00� double-rocker + + + -

14. 0π� double-rocker - - + -

15. π0� double-rocker - + - -

16. ππ� double-rocker + - - -

fully rotates if the sum of the lengths of the longest and sho
est links is less than (or equal to) the sum of the lengths of
two intermediate links. The classification presented here le
to an alternate expression for this condition. Note from Table
that a spherical mechanism contains a fully rotatable link(and
not a change-point mechanism) ifT1T2T3T4 > 0. This quantity is
a function of the link lengthsα;β;γ andη where the identifica-
tion of the longest and shortest links is unnecessary to determ
whether or not the mechanism contains a fully rotatable link.

SPATIAL MECHANISM ANALYSIS
Consider the spatialRCCC mechanism shown in Fig. 3

where the rotation of the revolute joint is considered the input
this linkage. Associated with eachRCCCmechanism is a spher-
ical image. The spherical image is a spherical four-bar me
anism with link lengths equal to the angular twist of the link
of the RCCCmechanism, see Duffy (1980). Hence, by havin
previously developed a classification for spherical 4R linkages
we can now classify spatial linkages. We classify spatialRCCC
mechanisms according to the linkage type of their correspond
spherical image.
Copyright  1998 by ASME
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Figure 3. A SPATIAL RCCCFOUR-BAR MECHANISM

CONCLUSIONS
In this paper we have developed a complete classificat

scheme for planar and spherical 4R linkages. Moreover, we clas-
sify spatialRCCClinkages according to their associated sphe
ical image. The goal of this classification is to note all of th
subtleties of motion that an arbitrary set of four link lengths c
define. The result is 27 unique classifications of planar mec
nisms and 81 for spherical and spatial mechanisms.
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